Differential forms and torsion in the fundamental group  by Cenkl, Bohumil & Porter, Richard
ADVANCES IN MATHEMATICS 48, 189-204 (1983) 
Differential Forms and Torsion 
in the Fundamental Group 
BOHUMIL CENKL* AND RICHARD PORTER 
Department of Mathematics, 
Northeastern University, Boston, Massachusetts 02115 
A procedure is described which constructs a Lie algebra L(X) over the integers 
from an algebra of differential forms associated with a simplicial complex X. The 
algebra L(X) is an invariant of the fundamental group of X. For example, L(X) 
comes with a decreasing filtration whose associated graded Lie algebra is 
isomorphic to ok>, (G,/G,+ I @ Qk), w ere h G, is the kth lower central series 
subgroup of n,(X) and Qr is the smallest subring of the rationals containing I/p for 
each prime p with p < k. Hence L(X) contains information about torsion in the 
lower central series of n,(X). Thus L(X) contains the same information as a group 
completion of x,(X) defined by Lazard. Since the Lazard completion of a group is 
a stronger invariant than the Malcev completion, our results can be viewed as a 
strenthening of Sullivan’s description of the Malcev completion of K,(X) in terms of 
differential forms. 
1. INTRODUCTION 
This paper grew out of the authors’ effort to understand the correspon- 
dence between groups and Lie algebras (and eventually their cohomologies). 
The technique, differential forms on simplicial complexes, was motivated by 
recent work of Sullivan, Miller, Chen, and others. The fundamental difficulty 
and contribution of this paper is that the computations are done either over 
integers or certain small subrings of rationals containing integers. We 
recover and make computable the results of Lazard and extend Sullivan’s l- 
minimal model from rationals to integers or to subrings of rationals. 
More specifically, in the study of the relationship between groups and Lie 
algebras, there is a special class of objects, defined by Lazard [7], which 
have both structures, that of a group and of a Lie algebra on the same set. 
Lazard algebras are Lie algebras over the integers which have just enough 
divisibility and completeness for the Campbell-Hausdorff formula to define 
a group multiplication on the set of elements in the Lie algebra. The groups 
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which arise in this manner are called Lazard groups. Such a group is, for 
example, the group of upper triangular matrices 
, 
where a and b are integers and c is an element of 2/5Z. 
With a group we associate a simplicial complex, say an Eilenberg- 
MacLane space. Then we describe a procedure which, given a simplicial 
complex X, constructs a Lazard algebra L(X) called the Lazard algebra of 
X. This L(X) is determined by an algebra of polynomial forms on the 
simplices of X. Only forms of dimension less than or equal to two are used 
in the construction. Our algebra of polynomial forms is “in between” the 
algebra of compatible Q polynomial forms used by Sullivan and the algebra 
of forms with integer coefficients used by Cartan and by Miller. 
The Lazard algebra t(X) is closely related to the fundamental group of X. 
For example, a group isomorphic to the Malcev completion of n,(X) is 
obtained from L(X) by first applying the Campbell-Hausdorff formula to get 
a group and then ignoring torsion. Torsion information in the Lazard 
algebra corresponds to the torsion in quotients of the lower central series 
subgroups of n,(X). 
If we use the symbolic notation (-.a }, say {groups} for the category of 
groups, then the general scheme of our construction of the Lazard algebra of 
a space can be schematically described by the diagram: 
bww I Eiknberg-MacLa”e ) { simplicial complexes ) 
differential forms 
> {commutative algebras} + ( l-minimal models} 
dualization (Lie algebras \ 
Given a group G, Lazard defines a group G called the Lazard completion 
of G. There is a map f: G --, G which has the universal property that a 
homomorphism of G to a Lazard group always factors viaf through c. It is 
shown that the Lazard algebra of a space contains the same information as 
the Lazard completion of the fundamental group. 
Since the Lazard algebra of a space depends on an essentially geometric 
object, differential forms, the construction can be viewed as a geometric 
equivalent to the inverse of the Campbell-Hausdorff formula. These results 
suggest that the Lazard completion of the fundamental group of a space is 
isomorphic to the group obtained from the Lazard algebra of the space by 
using the Campbell-Hausforff formula. 
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It was shown by Miller [9] and by Cartan [ 1] that the polynomial forms 
on a simplicial complex contain information about torsion in the homotopy 
groups of the space. Dwyer’s paper [5] on tame homotopy theory for r- 
connected spaces, r > 3, suggested to us the possibility of recovering the 
Lazard completion of the fundamental group from polynomial forms on the 
space. 
The main result of this paper is 
THEOREM A. Let G be a group whose Abelianization is finitely 
generated and let X be a connected simplicial complex with r,(X) = G. Then 
the Lazard algebra L(X) of the space X has the following properties: 
(1) Denote by G, the kth lower central series subgroup of G = G, , and 
denote by gr (G) the graded Lie algebra Oka, (GJG,, , 0 Q,J with bracket 
induced by the commutator on G, where Qk denotes the smallest subring of 
the rationals containing l/p for each prime p, p < k. Then gr (G) and 
gr(L(X)) are isomorphic graded Lie algebras, where grL(X) denotes the 
associated graded Lie algebra determined by aJltration on L(X). 
(2) Given connected complexes X,, and X, offinite type, then L(X,) is 
isomorphic to L(X,) tf and only if x,(X0) and 7c,(X,) have isomorphic 
Lazard completions. 
For simply connected spaces, our algebra of forms contains information 
about torsion in the higher homotopy groups of the space and determines the 
rational homotopy type of the space, and hence gives commutatve cochains 
for an extension of Quillen’s theory of rational homotopy type [ 111. Details 
will be given elsewhere. 
The paper is organized as follows: Section 2 contains definitions of Lazard 
algebras, Lazard groups, and the Lazard completion of a group. Section 3 
contains a summary of Sullivan’s desctiption of the Malcev completion of 
ni(X) in terms of the algebra A*(X) of compatible Q-polynomial forms on 
X. In Section 4, we define a filtered algebra T*‘*(X) of forms associated 
with a simplicial complex X. Sullivan’s notion of a l-minimal model is 
generalized in Section 5 to filtered algebras. The dual of a generalized l- 
minimal model is a Lazard algebra. In Section 6, we show that any two 
generalized l-minimal models for T ** *(X) have canonically isomorphic dual 
Lazard algebras. The Lazard algebra L(X) of a space X is defined as the 
dual to a generalized l-minimal model for T*‘*(X). In Section 7, we show 
how to construct the Lazard completion of n,(X) from L(X) and we give a 
proof of Theorem A. 
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2. DEFINITIONS 
We define Lazard Lie algebras, Lazard groups, and the Lazard completion 
of a group. 
A filtration on a Lie algebra L is a decreasing sequence of subalgebras 
such that [Li, Lj] c Li+j. Thus each Li is an ideal of L and gr(L)= 
&, LJL,, , has a natural Lie algebra structure. 
For a positive integer i, let Qi denote the smallest subring of the rationals 
Q which contains l/p for each prime p,p < i. Note Q, = Q, = Z. If pi 
denotes the set of all primes greater than i, then Qi is the ring Zp, of pi-local 
integers [6]. A Lazard algebra is a Lie algebra over Z together with a 
filtraton (Li} such that: 
(1) For each i > 1, Li is a Qi module. 
(2) For each i> 1, the nilpotent Lie algebra gr(L/Li+,)@ Qi is 
generated by (L/L,) @ Qi. 
(3) L = L&i L/L,. 
A filtration of a group G (N-sequence in the terminology of Lazard) is a 
decreasing sequence of subgroups 
such that [Gi, Gj] c Gi+j. Thus the commutator induces on gr(G) = 
@i> t GJGi+ 1 the structure of a Lie algebra. A liltered group is called a 
Lazard group if 
(1) For each i > 1, GJGi+ , is a Qi module. 
(2) For each i > 1, the nilpotent Lie algebra gr(G/Gi+ ,) @ Qi is 
generated by (G/G,) @ Qi 
(3) G = Limi (G/G,). 
It is shown by Lazard [7] (see also [5]) that the Campball-Hausdorff 
formula establishes an isomorphism between the category of Lazard algebras 
of the category of Lazard groups. Under this correspondence, the graded Lie 
algebra of a group and of its corresponding Lazard algebra are the same. 
Associated to any group G there is a Lazard group G together with a map 
f: G -+ G such that if G is filtered by its lower central series subgroups 
(Gi+ , = [Gi, G]; i > l), thenf is filtration preserving and the induced map of 
oi>, ((Gi/Gi+ i) @ Qi) to gr(@ is an isomorphism. In particukr, Gi/c,+, is 
the pi completion of Gi/Gi+ , in the sense of Hilton [6], and G is called the 
Lazard completion of G. 
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If Qi is replaced by Q in the above definitions, then Lazard algebras 
become complete filtered Lie algebras over Q; Lazard groups are replaced by 
the groups studied by Malcev [S] and the completion of G becomes the 
Malcev completion. 
The following gives an example of the Lazard completion of a group and 
the CorrespondingLazard algebra: 
EXAMPLE 1. Let G be the group of upper triangular matrices 
with a and b integers and c an element of the cyclic group Z/lOZ of order 
10. Since Z/lOZ 0 Q2 is the cyclic group Z/5Z of order 5, the Lazard 
completion G of G is the group of upper triangular matrices with a and b 
integers and c an element of Z/5Z. The corresponding Lazard algebra is L = 
Z @ Z @ Z/5Z with filtration L = L, 2 L, 1 L, = 0 defined by setting 
L, = Z/5Z and with bracket given by [x,, xi] =x2.,, 1x2,,, x,] = 
b 2,,,x21 =O, whe re xi, x2} is a basis for Z @ Z and x2,, generates L,. The { 
Malcev completion of G is the Abelian group Q @ Q. 
3. SULLIVAN'S CONSTRUCTION 
In order to motivate our construction of the Lazard algebra of a space we 
sketch Sullivan’s procedure for describing the Malcev completion of the 
fundamental group of a space in terms of differential forms [ 141. 
Given a simplicial complex X, ,4*(X) denotes the algebra of compatible 
Q-polynomial forms on the simplices of X. An element of A”(X) restricted to 
a simplex cr of X is a linear combination over the rationals of differential 
forms on c of the type 
q . . . x?dx,, A a-- A dx, P 
where the x’s are barycentric coordinates on cr. The differential and wedge 
product of forms on simplicies give A*(X) the structure of a commutative 
differential graded algebra over the rationals. Integration of forms over 
simplices gives a map of cochain complexes I: AP(X) -+ Cp(X, Q), where 
Cp(X, Q) denotes the simplicial cochains of X with rational coefficients. The 
integration map induces an isomorphism HP@ *(X)) + Hp(X, Q) of 
cohomology rings. 
If X is connected and H’(X; Q) is finitely generated, then there is a free 
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commutative differential graded algebra M over the rationals generated by 
elements of dimension 1 and a map M+ A *(X) which induces an 
isomorphism on H’ and a monomorphism on HZ. Define an increasing 
filtration on M by setting M, equal to the subalgebra of M generated by l- 
dimensional cocycles and by setting Mk+, equal to the subalgebra of M 
generated by M, and by all elements w in M’ with dco an element of M,. 
The algebra M is called minimal if M = lJka, M,, in which case M is called 
a l-minimal model for A*(X). 
Each free commutative differential graded algebra M over Q generated by 
elements of dimension 1 determines a dual Lie algebra L,(M) as follows: Set 
L,(M) = Hom(M’; Q). Suppose M’ has an ordered basis (oi}. Define 
rational numbers C{.” by the formula dmi = Cjck C$‘k~,i~k. Define elements 
xi in L,(M) by xi(oi) = 6i.j and define a bracket on L,(M) by setting 
[xj, xk] = xi Ci3”xi for j < k. This bracket gives L,(M) the structure of a Lie 
algebra. The Jacobi identity follows from the identity d* = 0. The duality 
between L,(M) and M is analogous to the relationship given by the Maurer- 
Cartan equations between the Lie algebra of a Lie group and ‘the left 
invariant l-forms on the Lie group. The main theorem of [ 14, Sect. R] states 
that if M is a l-minimal model for A*(X), then the group obtained by 
applying the Cambell-Hausdorff formula to L,(M) is isomorphic to the 
Malcev completion of the fundamental group of X. 
In our construction, the algebra A*(X) is replaced by a filtered algebra 
T***(X). The definition of l-minimal model is generalized so that the dual 
of a generalized l-minimal model M has the structure of a Lazard algebra 
L(M). The Lazard algebra L(X) of a space X is defined to be the Lazard 
algebra dual to a generalized l-minimal model for T*’ *(X). There is a 
procedure described in Section 7 for constructing the Lazard completion of 
71,(X) from L(X). 
Since the Lazard completion of a group is a stronger invariant than the 
Malcev completion, the filtered algebra T *‘*(X) contains more information 
about z~(X) than the algebra A*(X) of compatible Q-polynomial forms on 
X. In a subsequent paper we will investigate the relationship between 
T* * *(X) and the higher homotopy groups of X. 
4. FILTERED ALGEBRAS 
A filtered algebra is a commutative differential graded algebra B* over 
the integers together with a filtration BP,’ & BP*’ & Bp.2 E . . . of each BD 
satisfying 
(1) each B p34 is a free Q4 module and the inclusion Bpqq + Bp.qt ’ is a 
map of Q, modules; 
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(2) the product on B maps Bp34 @ B’*’ to BP’ r-y “; 
(3) the differential d on B maps Bp*4 to Bps ITq. 
An element of BpV4 is said to be of dimension p and filtration q. 
EXAMPLE 2. Let Y = @p,q>O Ypqq be a bigraded module with each Yp*q a 
finitely generated free Qq module. Then /1(Y) denotes the p-graded q-filtered 
algebra freely generated by Y. An algebra /i(Y) with differential identically 
zero is a filtered algebra. For example, if the only nonzero Ypqq is 
Y’*’ = 2 @ 2 with basis (w,, wz), then /1o*q = Qq for q > 0, A ‘*q = Qq 0 Qq 
for q > 1, and Azqq = Qq with generator w, A w? for q > 2. All other Ap*q’s 
are zero. 
Next we consider two filtered algebras naturally associated with simplicial 
complexes. The first filtered algebra, A*‘*(X), is a filtered version of 
Sullivan’s algebra of compatible Q-polynomial forms on the simplices of X. 
The definition of A *‘*(X) is motivated by the bicomplex of integer forms 
defined by Miller [9] and by Cartan [ 11. The second liltered algebra, 
T*‘*(X), is the analogue of A***(X) obtained by replacing simplices with 
cubes. Since each simplicial complex has a canonical subdivision into cubes, 
T***(X) can be viewed as a functor defined on simplicial complexes. The 
advantage of T*‘*(X) over A *‘*(X) is that in order to construct the Lazard 
completion of ni(X) from A *, * X ( ) ( by our methods) one has to assume that 
H,(X, 2) is finitely generated and free. If A * ’ *(X) is replaced by T*’ *(X), 
then one need only assume that H,(X; Z) is finitely generated. 
Given a simplicial complex X, set A*(X) equal to the algebra of 
compatible Q-polynomial forms on X [4, 141. Then A*(X) is filtered by 
setting Apqq(X) equal to the Qq module of forms which, when restricted to 
any simplex u of X, are Q,-linear combinations of forms of the type 
,q . . . x,“ldx,,A-Adx, with I P p + \‘ ai < q, 
where the x’s are barycentric coordinates on o. Note ApTq = 0 for p > q. Here 
AP.q(X) is the localization of the Z forms of dimension p and weight q of 
Miller [9] and Cartan [l] with respect to all primes >q in the sense of 
Hilton [6]. Then A *‘*(X) with this filtration is a filtered algebra. 
PROPOSITION 1 (Miller, Cartan). If A *- *(X) is the filtered algebra of 
forms on a simplicial complex X offinite type, then integration offorms over 
simplices induces a map of complexes 
A*Vq(X) = PFo AP3q(X)+ @ Cp(X; Q,) = C*(x; Q,) 
, P>O 
which induces an isomorphism on cohomology for p < q (recall that Ap3q = 0 
for p > q). Under this cohomology isomorphism the product induced by the 
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wedge product of forms commutes, via integration, with the cup product 
[ 1791. 
If A ***(X) is the filtered algebra of forms on a complex X and r is any 
Q4 module, then integration induces a map of chain complexes 
I P>O : C,(X, r) + Homa,(A *,“(X); r) 
by the formula l: u -+ h,. If u = 2 u, @ a, E C,(X, r) and o E Apqq(X), then 
h,(w) = C(s,, o)a,. Set H,(A *,“(X); r) equal to the pth homology group of 
the complex @,,o HomQ,(AP*q(X); r). 
PROPOSITION 2. For X a simplicial complex of finite type and I a Q, 
module, integration of forms over simplices induces a map H&X, I) + 
H,(A*Yq(X); I) which is an isomorphism for p < q and an epimorphsm for 
P = 4. 
Next we define the filtered algebra T *,*(X). Denote by IN the standard N- 
cube in Euclidean N-space and let x, ,..., x, be the corresponding coordinate 
functions. A basic p-form of filtration q on IN is 
XC’ . . . xI’f’x$ dx,, A a-- A x2 dx, , P P 
where (i, ,..., ii}, {k, ,..., k,} are disjoint subsets of { 1, 2,..., N). The a’s and p’s 
are nonnegative integers and q = Max(a, ,..., aj; /?, + l,..., /I, + I}. Given a 
subdivision of a space X into cubes, set Tp*q(X) equal to the Q, module of 
compatible forms which, when restricted to any cell, are Q,-linear 
combinations of basic p-forms of filtration <q. Given a simplicial complex 
X, set T*‘*(X) equal to the filtered algebra of compatible forms on the cells 
in the canonical subdivision of X into cubes. 
PROPOSITION 3. Given a simplicial complex X offinite type, integration 
of forms over cells induces a map of complexes 
T*Vq(X) = @ Tpqq(X) 5 @ Cp(X; Q,) = C*(X; Qq), s> 13 
P>O P>O 
which induces an isomorphism on cohomology for all p. Under this 
cohomology isomorphism the product induced by the wedge product of forms 
commutes via integration with the cup product. 
PROPOSITION 4. Given X a simplicial complex offinite type and I a Q, 
module, integration of forms over simplices induces a map Hp(X; I) + 
Hp(T**q(X); I’) which is an isomorphism for all p, q > 1. 
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5. GENERALIZED I-MINIMAL MODELS 
AND DUAL LAZARD ALGEBRAS 
In this section we define l-minimal models whose duals are Lazard 
algebras. 
Let M be a filtered algebra with unit 1 E MO*‘. An extension Mj & of M 
of type (i, j) is defined as follows: Let 0 = (0, ,..., 0,) be a finite sequence of 
elements in Mit ‘J and let (S, ,..., S,) be a sequence of cyclic Qj models. Say 
S, = Qj/N,Qj, where N, is a nonnegative integer. If N, = 0, then S, = Q,i. 
Assume each 0, is a cocycle in M**’ @ S,. Then for each I with N, # 0 there 
is a unique element a[ in M” *,j with dO,=N,G,. Set H=M@A(Y), 
where Yi*j is the free Qj module generated by indeterminates w, ,..., wk and 
Yit ‘J is the free Qj module generated by indeterminates y, corresponding to 
the nonzero N,‘s. Extend the differential on M to M by the formulas 
d(lOw,)=O,O 1 + lON,y,, 
d( 1 @ y,) = -0, @ 1. 
Elementary extensions of type (1, j) are the algebraic analogue of central 
extensions of groups. 
An elementary extension of type (i, j) determines an element in the 
(i + 1)th cohomology of M as follows: Given 0 and S as above, set 
r= Of=, S, and choose a generator x, for each S,. Then the element 
ct=, @,0x, is a cocycle in M” ‘J @ r. The class in Hit ‘(M*‘.i; I’) 
represented by C 0, Ox, will be called the characteristic class of the 
extension. 
Each finite sequence of elementary extensions 
M,=Z-tM2-M3’... + MN 
with Mj+, an elementary extension of type (1, j) determines a dual filtered 
Lie algebra as follows: Write Mk+ , = M, @ ,4(Ylqk, Y2*k) for k > 1. For 
q > 1 set 
f(q) = @ HomQk(Y”k; Qk), 
k>q 
J*(q) = @ Homc,( YzVk; Qk). 
k>q 
A map &J’(q)-+J’(q) is defined as follows: Given k > q, consider the 
composition Y’Tk d,Mz+c.k ProJ k+ , -- (indecomposables of dim 2 in Mt;‘, } = 
I(M,*;:) = (Yzvl @ Y2** @ .-a @ YZ*k) @ Qk. Given h E Hom,,(Y*‘j; Qj) with 
j > k, the projection of a(k) to the summand Homc,(Y’*k; Q,) of J’(q) is zero 
if j > k. If j< k, then tensor h with Qk to get an element of 
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Homck(Y2,j @ Qk ; Q&. Since Y**’ @ Qk is a direct summand of Z(M,*;‘,), h 
determines an element 6 in Homc,(Z(M,*;“r); Qk). The projection of a(h) to 
Homo,(Y’*k; Qk) is the composition h o proj o d,,,. The map a: J’(q) + J’(q) 
is the dual to the indecomposable part of the differential on M. 
For q > 1, the Q4 module L(q) is defined by the exact sequence 
J*(q) -+a J’(q) -+ L(q) + 0. This defines the filtered module L(M,+,) = 
L,2L22L32***. As in Section 3, the decomposable part of the 
differential on M gives a map J’(q) A J’(q) -% J’(q) which induces a 
bracket L(q) A L(q) 2 L(q). This bracket gives L(q) the structure of a Lie 
algebra. (The bracket on J’(q) will not, in general, satisfy the Jacobi 
identity.) With this bracket L(M,,,) = L, 2 L, 2 .a. is a filtered Lie algebra. 
The inclusions Mk + Mk + , induce maps L(M,+ ,) + L(M,) of filtered Lie 
algebras. 
Given an infinite sequence M of elementary extensions, Z = M, -+ 
M,-+M,+ a.. -+Mk+Mk+,+ ..a set L(M) = L&r L(M,). Then M is called 
a generalized I-minimal model if L(M) with filtration induced by the 
filtration on the L(Mk))s is a Lazard algebra. 
Call a Lazard algebra L finitely generated if L/L2 is a finitely generated 
Abelian group. 
LEMMA 1. Each finitely generated Lazard algebra is the dual of a 
generalized 1 -minimal model. 
Proof: Let L be a tinitely generated Lazard algebra. The construction of 
a generalized l-minimal model M with L(M) isomorphic to L proceeds by 
induction. Assume that a generalized l-minimal model M, with L(M,) 
isomorphic to L/L, has been constructed, k >, 2. Using [ 131 it can be shown 
that there is a bijection between H2(M:*k; Lk/Lktl) and the set of 
equivalence classes of central extensions of Lie algebras 0 + Lk/Lk+ , + 
6 L/L, -+ 0. Let a E H2(MzTk; L, L / k+ ,) be the element corresponding to 
the extension 0 + L,/L,+, +L/Lk+,+L/Lk+O, and let Mk-+Mk+, be an 
elementary extension of type (1, k) with characteristic class a; then L(M,+ ,) 
is isomorphic to L/Lk+ , . 
EXAMPLE 3. Let L be the Lazard algebra of Example 1, L = Z 0 Z 0 
Z/5Z 2 L, = Z/5Z 2 L, = 0, with bracket given by (x2, x, } = x2,, ; 
Ix 2,,,x,} = {x2,,,x2} = 0, where (x,, x2} is a basis for Z@ Z and x2,, 
generates L,. A generalized l-minimal model M with L(M) isomorphic to L 
is described as follows: Set M =li(Y) with Y’*’ = Z@ Z, Y’,* = Q2, 
YzT2 = Q,. Define a differential on M by do, = du, = 0, du,,, = 
w2 A Wl + 5Y2.l and dy,,, =0, where {w,, w2} is a basis for Y’*‘, w2,, 
generates Yr,*, and yzaI generates Yzq2. 
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6. THE LAZARD ALGEBRA OF A SPACE 
We define the notion of a generalized l-minimal model for a filtered 
algebra. The Lazard algebra L(X) of a space X is then defined to be the 
Lazard algebra dual to a generalized l-minimal model for T*,*(X). If M 
and M’ are any two generalized l-minimal models for T*‘*(X), then there is 
a canonical isomorphism L(M) H L(M’ ). Hence L(X) is unique up to a 
canonical isomorphism. 
Let B*’ * be a filtered algebra. A generalized l-minimal model M together 
with a map e:M-+B*‘* of filtered algebras is called a generalized l- 
minimal model for B** * if e induces isomorphisms H,(B*“) + H,(M*“) for 
i = 0, 1 and for j > 1; and induces epimorphisms H,(B**j) + H,(M*%‘) for 
j> 2. 
Let X be a connected simplicial complex with finitely generated first 
homology group. Set J!,(X) equal to the dual Lazard algebra of a l-minimal 
model for T***(X). (The conditions on X guarantee that T*‘*(X) has l- 
minimal models.) If H,(X, Z) is free, then L(X) can also be defined as the 
dual to a generalized l-minimal model for A *,*(I). 
The next step is to show that any two l-minimal models for T** *(A’) have 
canonically isomorphic dual Lazard algebras. This is done by generalizing 
the homotopy theory of Sullivan [ 141 to generalized l-minimal models. 
Given a generalized l-minimal model M, we define a filtered algebra M’ 
together with inclusions i, and i, of M to M’. Maps f, and f, of M to a 
filtered algebra B are called homotopic if there is a map H: M’+ B with 
Ho i, = f0 and H o i, = f,. The filtered algebra M’ has two key properties. 
First, the maps i,, i, of M to M’ induce the same map on cohomology. 
Second, M’ has a dual Lazard algebra with the property that i, and i, induce 
the same map of L(M’) to L(M), and this map is an isomorphism of Lazard 
algebras. Thus homotopic maps between generalized l-minimal models 
induce the same map of dual Lazard algebras. 
The filtered algebra M’ is constructed from M@ M by a sequence of 
elementary extensions as follows: Let M be the sequence of elementary 
extensions 
and suppose that Mi containing M, 0 M, has been constructed. Let 
0, E Mz*k @ rk be a cocycle representative of the characteristic class of the 
extension Mk + Mk+ , . Set Mi + (M,, , @ Mk+ i) equal to the extension of 
Mi corresponding to the characteristic cocycle (0, @ 1, 1 @ Qk). By 
construction there are elements wk@ 1 and 1 @ok in 
[Mlk+(“k+l@Mk+,)l@rk with d(w, @ 1) = 0, @ 1 and d(1 @ wk) = 
10 0,. By induction, the element 0, @ 1 - 1 0 0, in ML @ rk is 
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cohomologous to zero. Choose an element h, with dh, = 0, @ 1 - 1 @ 0,. 
Set Mi+, equal to the extension of [ML + (Mk+, @ Mk+ ,)I with charac- 
teristic class represented by the cocycle wk @ 1 - 1 @ wk - h, in 
Mi + (M,, , @ Mk+ ,). This defines M’ containing M @ M. Define i, and i, 
from M to M’ by i,,(w) = w  @ 1 and ii(o) = 1 @ o. The definition of the 
Lazard algebra dual to a generalized l-minimal model extends to M’ so that 
the induced maps L(i,), L(i,) of L(M’) to L(M) are the same map (which is 
an isomorphism). 
Let (M, e) and (M’, e’) be generalized l-minimal models for a filtered 
algebra B*‘*. Then there is a map f: M+ M’ (unique up to homotopy) with 
e’ of homotopic to e. It follows that the map L(f): L(M’) + L(M) is an 
isomorphism of Lazard algebras independent of the particular homotopy lift 
f: 
EXAMPLE 4. Let X be a simplicial complex of finite type whose 
fundamental group is the group of upper triangular matrices of Example 1. 
The generalized l-minimal model of Example 3 is a l-minimal model for 
T* * * (X). 
EXAMPLE 5. Let X denote the complement in S3 of a two component 
link with linking number 3. Set M=/I(Y), where Y’,’ = Z@ Z, Y’** = Q,, 
Y*** = Q2 with differential defined by do, = do, = 0, {o,, w2} a basis for 
Y’*i; do,,, = w20, t 3y,+,; dy,,, = 0, where w2,i generates Y’** and y2,, 
generates Y *** Then M is a generalized l-minimal model for T***(X). . 
Hence L(X) is the Lazard algebra dual to M. We have L(X) = 
Z @ Z @ Z/32 2 L, = Z/32 2 L, = 0 with bracket given by [x2, x, ] = x2,, , 
ix *.,, xi] = [x2,,, x2] = 0, where (x,, x2} is a basis for Z @ Z and x2,, 
generates Z/32. 
7. CONSTRUCTION OF THE LAZARD COMPLETION OF n,(X) 
FROM L(X); PROOF OF THEOREM A 
We give a procedure for constructing the Lazard completion of n,(X) from 
the Lazard algebra L(X). Each generalized l-minimal model M determines a 
Lazard group G(M) unique up to isomorphism. If M is a generalized l- 
minimal model whose dual is L(x), then G(M) is isomorphic to the Lazard 
completion of x,(X,). We conjecture that G(M) is in fact isomorphic to the 
group GL(X) obtained from L(X) by applying the Campbell-Hausdorff 
fromula. This conjecture is supported by the result that the Lazard groups 
G(M) and GL(X) have isomorphic associated graded Lie algebras and 
isomorphic Malcev completions. 
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LEMMA 2. Let M be generalized l-minimal model. Then there is a 
Lazard group, unique up to isomorphism, G(M) = G, 2 G, 2 ... such that 
there are compatible maps f, : M, + T*’ *(K(G/G, ; 1)) inducing isomor- 
phisms 
where K(G/G, ; 1) denotes the Eilenberg-MacLane space with fundamental 
group G/G,. If H,(M**‘) is free, then T*‘*(K(G/G,; 1)) can be replaced by 
A***(K(G,G,; 1)). 
ProoJ Assume by induction that the group G/G, and the map 
f,: Mq+ T***(K(G,G,; 1)) h ave been constructed with f, : (M,* ,“) -+ 
H,(G/G, ; Q,) an isomorphism for i = 0, 1 and 2. Let 0, in H2(M,*qQ ; I’,) be 
the characteristic class of the extension M,, , = M, @ /i (Y,+ ,). Here f, 
induces an isomorphism H’(M, **q; r,) N H*(G/G,; r,) and H*(G/G,; I’,) 
parameterizes equivalence classes of central extensions of G/G,. Set 
1+G,,G,+,=I’,-,G,G,+,+G,G,+ 1 equal to the extension 
corresponding to 0,. 
We want to show that there is a map f,+ 1 : M,, 1 -+ T*,*(K(G/G,+, ; 1)) 
such that 
M f,il 
q+l- T*+*(K(G,G,+,; 1)) 
t t 
I ?I# 
M4 /9. T*‘*(K(G,G,; 1)) 
commutes and such that f,+ I : Hi(G/Gq+ , ; Q,, ,) -+ H,(M,*;:+ ‘) is an 
isomorphism for i = 0, 1, and 2. The obstruction to extending the map rr# o f, 
from M, to it4,+ r is the element x# 0 f,(O,) in H*(G/G,+,; I-‘,). But 
Z* 0 f,(O,) = 0 by construction of G/G,+, . Hence f,+ 1 exists. 
The proof that f,+ , induces isomorphisms H,(G/G,+ , ; Q,, ,) + 
Hi(M,*;; + ’ ) for i < 2 is by comparison of spectral sequences. Let (EL,,(i)) 
denote the Serre homology spectral sequence of the fibration 
WqIGq,,; 1)-4G,Gq+t,; 1) 
with coeffkients Qi. 
An algebraic analogue of the Serre spectral sequence is defined as follows: 
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An increasing filtration F” E F’ E F2 g ..a of the chain complex 
Homoi(M,*;‘, ; Qi) is defined by the rule 
Fj = {h in Homci(M$$, ; Q,)/h(w @ a) = 0 whenever dim(o) > j}. 
This filtration determines a spectral sequences {FL,,(i)}. The map f,,, 
induces a map {EL,,(i)} + {FL,,(i)} of spectral sequences, i > 1. A 
(nontrivial) comparison of spectral sequences argument shows that 
f q+l;H2(GIGq+l; Qi>+H2(M,*;'l) is an isomorphism for i > q + 1 (the map 
HWG, + 1; Qi) + H,(M,*;‘,) is not, in general, an isomorphism for 
i < q + 1). The spectral sequence argument proceeds by induction on q and 
uses the inductive assumption that f,: H,(G/G,; Qi)+ H3(Mzqi) is an 
epimorphism for i > q + 1. 
LEMMA 3. Let X be the Lazard algebra of a connected space X with H, 
JiiteIy generated. Let M be any generalized l-minimal model whose dual is 
L(X). Then the Lazard group G(M) ( constructed in Lemma 2) is isomorphic 
to the Lazard completion of the fundamental group of X. 
ProoJ Let M be a generalized l-minimal model whose dual is L(X). Let 
(Ml, e’) be a l-minimal model for T ***(X). By definition of L(X), L(X) is 
isomorphic to L(M). It follows that there is a map g of M to M’ such that 
(M, e’ . g = e) is a generalized l-minimal model for T*-*(X). Set 
G=G,IG,I... equal to the Lazard completion of r,(X). 
The lemma is proved by showing that there are compatible maps 
fq:Mq+ T*‘*(K(G/G,; 1)) inducing isomorphisms f, : H,(G/G, ; Q,) + 
Hi(M,*v9) for i < 2. Assume by induction that f,: M, + T*‘*(K(G/G,; 1)) 
has been defined and that the diagram 
M9 
J cl7 
T***(X) f, 
2” 
PB 
T* (WIG, ; 1)) 
homotopy commutes, where p9 denotes the natural map of X to K(G/G, ; 1). 
Since (M, e) is a generalized l-minimal model for X, the characteristic 
class 0, E H2(Mz39; r,) of the extension M,+ M,, , has the following 
properties 
(1) eJ@,) = 0 in H2(X, r,), 
(2) H,(X, Q,) 3 H2(M,*‘9 ; Q,) hce,, r, + 0 is exact, where h(O,) 
denotes the image of 0, in HomQ~(H9(MQ*‘9 ; Q,), r,). 
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Let x, E H*(G/G,; G,/G,+,) be the characteristic class of the extension 
1 --t G,/%+ 1 -+ G/G, + I-+ G/G, + 1. From [ 121 it follows that 
(1) P,*(x,) = 0 in H2(X; G,/G,+ A 
(2) H,(X; (2,) -% H,(G/G,; Q,) h(Yy) G,/G,+ 1 + 0 is exact. Thus 
there is an isomorphism rq + G,/G,+ 1 such that the map 
f,: H*(IW~*~;~~)+ H*(G/G,; G,/G,,,) sends 0, to x,. 
Denote by rc the projection of K(G/G,+,; 1) to K(G/G,; 1). Since 
f,(O,) = xq, the map f, o rr# of M, to T*.*K(G/G,+ 1 ; 1) extends to a map 
f q+1 :M,+, + T” * “K(GjG,, , ; 1) inducing isomorphisms Hi(G/G,+ , ; Q,, ,) 
+ WM,+ 1 *,qt’) for i < 2 and such that the diagram 
M otl 
T***(X) f Y+I 
T”.*(K(G/G,+, ; 1) 
homotopy commutes. From Lemma 2, it follows that G(M) is isomorphic to 
the Lazard completion of the fundamental group of X. 
THEOREM A. Let G be a group whose Abelianization is finitely 
generated, and let X be a connected simplicial complex with n,(X) = G. Then 
L(X), the Lazard algebra of X, has the following properties: 
(1) Denote by G, the kth lower central series subgroup of G = G, and 
denote by gr (G) the graded Lie algebra-@,, ,(G,/G,+ ,@ Qk) with bracket 
induced by the commutator on G. Then gr(G) and gr(L(X)) are isomorphic 
graded Lie algebras. 
(2) Given connected complexes X,, and X, with jinitely generated first 
homology groups, then L(X,J is isomorphic to L(X,) if and only ifs, and 
x,(X,) have isomorphic Lazard completions. 
Proof of 1. Set G= GA? G,2 a.. equal to the Lazard completion of 
G = n,(X). Denote by gr(G) the graded Lie algebra BkZl Gk/Gk+ 1. Since 
gr(G) is isomorphic to gr(G), it s&ices to show that gr(L(X)) and gr(G) are 
isomorphic. Let (M, e) be a generalized l-minimal model for T*‘*(X). Write 
M as a sequence of elementary extensions 
Z=M,pM2-+ . . . +Mk+Mk+,+ . . . 
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with 0, E H’(M, *,&; r,) the characteristic class of the extension M, -+ M,, , 
for k > 1. Then gr(L(X)) = @ &.+ i r,. The isomorphism of graded modules 
between Ok>, rk and gr(c) constructed in the proof of Lemma 3 commutes 
with the bracket. Part 1 of Theorem A follows. 
Proof of 2. If L(X,) and L(X,) are isomorphic, then Lemma 3 implies 
that rr,(X,) and x1(X,) have isomorphic Lazard completions. If X,(X,,) and 
q(X,) have isomorphic Lazard completions then a generalized l-minimal 
model for T*, *(X,,) ’ 1 is so a generalized l-minimal model for X,. Hence 
L(X,) and L(X,) are isomorphic. 
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